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Abstract 
Kinch, L. and J. Lehel, The irregularity strength of tP3, Discrete Mathematics 94 (1991) 
75-79. 
Let (a,, . . . , a,, b,, . . . , b,) be the sequence of distinct positive integers such that ai + bi are 
distinct for i = 1, . . . , t, and different from ai and bj, 1 si s t. Denote by s(t) the minimum of 
the largest element of these sequences for fixed t. In this note we prove s(t) 2 [(15t - 1)/71 and 
exhibit infinitely many sequences attaining equality. We also show s(t) G I(19 - 1)/71 + 1 for 
every t. As a corollary we obtain that the irregularity strength of the graph G = tP,, the disjoint 
union of t paths of length 3, is about 5n/7, where n = 3t is the order of G. 
1. Introduction 
In [ 11, Chartrand et al. proposed the following problem. 
Assign positive integer weights to the edges of a simple graph G in 
such a way that the graph become degree irregular, that is the weight 
sums at each vertex are distinct; what is the minimum of the largest 
weight over all such degree irregular assignments of G? 
The solution s(G) of this extremal problem is called the irregukkty strength of 
G. 
In the case of a connected graph G of order n, s(G) s n - 1 is proved in [4]. 
This upper bou rid is sharp for stars, clearly each edge must be assigned distinct 
weights. Moreover, if G contains ni vertices of degree i, then s(G) > (ni + i - 1)/i 
follows by a straightforward counting argument (see [ 11). Note that max{ni/i: 
i=l,...,n - 1) is conjectured to be the right value of the irregularity strength 
of connected graphs up to a constant. 
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In this note we deal with the irregularity strength of G = tP3, the disjoint union 
of t paths of order 3. It turns out that the coefficient on n in the lower bound 
s(G)amax{n,/i:i=l,...,n-l)=n,=2n/3 
with n = 3t is not sharp for this trivial family of graphs showing that the 
conjecture mentioned above is not true for disconnected graphs. In Theorem 1 
we prove that s(G) 3 5n/7, and we also show that s(G) = 5n/7 is attained for 
infinitely many :z, Theorem 3. 
It is worth noting that G = tP, is the only example (either disconnected or 
connected) we know such that the lower bound s(G) > max{nJi: i = 1, . . . , 
n - 1} can be increased with a nonconstant erm. It is worth noting that if G is 
the disjoint union of t paths of order k, i.e. G = tPk, then s(G) c n/2 + c follows 
for every k > 3 by using similar methods as in [2]. 
The proof of Theorem 1 and 3 are based on elementary techniques in additive 
number theory commonly used in connection with systems of differences (cf. [3, 
5-71). In particular, we adjust a construction of Skolem in [7] pertaining to pairs 
of integers with distinct differences (Lemma 2). Our results are also formulated in 
terms of particular sum-distinct sequences in Theorem 4. 
Theorem 1. s(tP3) a (19 - 1)/7. 
Proof* Suppose the ith P3 has edge weights pi, qi so that all pi, 4i, pi + qi are 
distinct and mm,(pi, qi} = s is the irregularity strength of t&. Let A = {i: 
pi+qi<S} andB={i:pi+qi>s}. Then jA]+jBl=tand 
s 231AI + 2lBI = 2t + IAI. (1) 
Set ai=s -pi, bi=s -qi for each i E B. W.1.o.g. let B = (1,. . . , k} and 
al+b,<a,+b2<= l l < ak + bk. Observe that 
and moreover, all ai and bi are distinct as are all ai + bi, 16 i s t. In particular, 
ak+bk=S- 1 hlpkS, that ak_i + bk_iS s - l-i, O<isk-1 and the sum of 
the ai’s and hi’s is at least k(2k - 1 j. From the inequality 
k-l k-l 
k(2k - 1) 6 C (ak-i + bk-i) S 2 (S - 1 - i) 
i=O i=O 
= k(s - 1) - (k - l)k/2 
we obtain s - 12 (5k - 3)/2 and thus 
s 3 (5lBl - 1)/2. (2) 
Now if IAl b t/7, then by (l), s G= 2t + IAl b 15t/7. Otherwise, IAl 6 (t - 1)/7. 
Then 
lB13 t - (t - 1)/7 = (6t + 1)/7, 
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thus by (2), 
s 2 [5(6t + 1)/7 - 1112 = (15t - 1)/7 
follows. cl 
Lemma 2. There exists a sequence of intervals [ai, bi], i = 1, . . . , n, with positive 
integer endpoints uch that the 3n endpoints and interval lengths bi - ai are distinct 
andmax{bi:1~icn}~3n+1. 
Proof. We give different constructions according to the residue of n modulo 4. 
n = 4m: for n = 4: [S, 121, [9, 111, [7, lo], [5, 61; 
form>l: [8m+r, 12m-r],Ocr<2m-1, 
[4m + r, 8m -l-r],lGrGm-1, 
[5m+2+r,7m-l-r],OGrSn.-3, 
[5m, 5m + 11, [6m + 1, lOm], [6m, 8m - 11. 
n = 4m + 1: for n = 5: [6, lo], [7,8], [9, 141, [ll, 131, [12, 151; 
form>l: [8m+3+r, 12m+3-r],OGrS2m-1, 
[4m+l+r,8m+2-r],l<rQm-1, 
[5m+3+r,7m+2-r],lSrdm-2, 
[5m + 1,7m + 21, [5m + 2,5m + 31, 
[6m + 2, 1Om + 31, [6m + 3, 8m + 21. 
n=4m+2: [8m+5+r,12m+7-r],OSrS2m, 
[4m+3+r,Bm+4-r],O<r<2m. 
n=4m+3: [8m+7+r,12m+lO-r],O~r~2m+1, 
[4m+4+r,Bm+6-r],O~r~2m. 
Note that the constructions for the first two cases are essentially due to Skolem 
[7]. Similar constructions can be derived from Simpson’s schemes as well for the 
last two cases (see [5] and [6]). Cl 
Theorem 3. s(tP3) s [(15t - 1)/7] + 1 f or every t. If t = 3 (mod 7), then s(tPS) = 
[(15t - 1)/7]. 
Proof. Consider an irregular weighting of tP3 which assigns weights pi and qi to 
the edges of the ith component, pi < qi for 1 G i G t. Set ai = qi and 6, =pi + qi, 
then the theorem is equivalent to finding t intervals [ai, bi] with distinct positive 
endpoints and lengths, satisfying ai > bi - ai and 
maX{ ai: 1 G i 6 t} S [( 15t - 1)/7] + 1. (3) 
Set t= 78 + k, w14eiC inI “~‘~ 3, so 
](15t - 1)/7] = 15n + [( 15k - 1)/7]. 
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First choose n intervals by Lemma 2. The remainder of the proof lies in 
constructing t - n more intervals with distinct endpoints and lengths, having each 
interval length and each left endpoint at least 3n + 2, and satisfying (3). We 
distinguish seven cases according to the value of k. 
k =3: 
k =2: 
k= 1: 
k =O: 
[9n+5+r, 18n+8-r],Ocrs3n, 
[12n+6+r,21n+lO-r],O~r~3n+l; 
[9n+S+r, 18n+8-r],O<rs3n, 
[12n +6+r, 21n + 10-r], O<rr3n; 
[9n+3+r, 18n+4-r],Ocr<3n-1, 
[12n+3’+r,21n+5-r],OSrS3n; 
[9n+2+r,18n+l-r],O<r<3n-2, 
[12n+l+r,2ln+l-r],OGrS3n-1, 
[15n + 1,24n + 21; 
k=-1: [9n+l+r, 18n+l-r],O<ra3n-2, 
[12n+r,2ln-r],OGr<3n-1; 
k=-2: [9n + r, 18n -3-r],OSrS3n-3, 
fl2n -2+r, 21n -4-r], OSrS3n -2, 
115 n - 3,24n - 41; 
k=-3: [9n-l+r,lSn-4-r],O<r<3n-3, 
[12n-3+r,21n-S-r],OSrS3n-2. 
Observe that in the case of k = 3, 15n + 7 = [(15t - 1)/7], so that the lower 
bound for s(tp3) in Theorem 1 equals the upper bound obtained in our 
construction. 0 
Note that we conjecture s(P”) = ](15t - 1)/7] for every t. 
Theorems 1 and 3 are formulated finally as a result related to sum-distinct 
sequences (cf. [3]). 
eorem 4. Let s(t) be the smallest integer such that there is a sequence 
(al,. . . y at, h, . . . , b,) of distinct positive integers not greater than s(t) satisfying 
thatai+biaredistinctfori=l,..., t, and different from aj and bj, for every j, 
1 <j s t. Then 
[( 1st - l/7] C s(t) 6 [(lst - 1)/7] + 1; 
moreover, s(t) = [(15t - 1)/7] for in.nitely many t. 
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